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The coefficient of thermal diffusivity as a function of time is determined for a 
given temperature and its gradient on the boundary of a semiinfinite region. 

The problem 

{ O --a(t) 0~ ] -~-  ~ x  2 T = O ,  O ~ x < o o ,  0 < t < o o ,  

Tlx_o = T o (t); (OT/Ox)x=o= qo (t); Tlx=~ --- 0; TJt,=o= 0. 
(I) 

is considered. It is requiredto find the variable coefficient a(t) of thermal diffusivity 
by using the "superfluous" boundary condition. 

First, the solution is stated for the direct problem [i]. The substitution of 

x =~ a. (t) dt, a = d~/dt 
0 

(2) 

simplifies Eq. (i) to 
0 0 2 ) T=O. �9 at Ox 2. 

Nowonecan easily obtain the expression linking the temperature to its gradient on the 
boundary of the region [2, 3], namely, 

dl/2 d-IP- 
--qo(x) = dZl/---~ To(z), - -To(x)  = d-U2 qo (x). (3) 

The partial differentiation operators are given by the expressions 

a"t  (0 _ 1 a 
dt v r (1 - -  v) dt 

t 

-- ~ f (z) q -- z)1-Vaz, 
0 

-- oo <v < I, (4) 

d + i__~ ~ = r (~ + I) t~-v. (5) 
~ r (~ + 1 - -  v) 

In the above f(t) denotes a function with a finite number of discontinuities of the first 

kind. 

Returning to the t variable the integral equations which determine a(t) can be obtained 
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from (3) provided to and qo are known: 

x(t) 

- -  qo (t) ~ - , / 2  [a  (t)] -~ ~ T O Ix (z ) l  IT (t) - -  zl - ' /2 dz, 

0 

(6) 

x{t) 

- -  T O (l) = ax -1/2 # qo Ix (z)] [~ (t) - -  zl-l/~dz. 
0 

(7) 

By To[z(z)] and qo[x(z)] one understands that To and qo are expressed as functions of r and 
then ~ being replaced by z. 

By using the definition (4) it can be shown that the solutions (6) and (7) only exist 
if limT 0, qo=o(l-a) . A trivial example is as follows: T O = I, qo = (vt) -~/2, a = i. 

t~0 

In [4] an equation similar to (6) was obtained in the case of To(0) = 0. The function 
a(t) was obtained numerically in [5]. An analytic solution of (i) will now be given by us. 

From (6) and (7), with (5) and (2) taken into account, one obtains at once the solutions 
for the two cases which are of importance in practice; namely, if To = so = const, qo = qo(t) 
or qo = Bo = const, To = To(t): 

a ( t )  = - -  2 ~ - ~  ~ q~ (CZqo/dt), (8) 

a (t) = -fl r~y 2 To (alTo~dr)" (9) 

Let us now consider the case in which To and qo are given as poWer series, 

T O = ~ ~z~t ~+g, (I0) 
n=0 

q__ ~.t "+~- T ( l l )  
a=O 

Then a(t) can also be found as a power series, 

a = Z ?'~ln" (12)  

One can  now s u b s t i t u t e  t h e  s e r i e s  ( l O ) - ( 1 2 )  i n t o  (6)  o r  ( 7 ) ;  t h e n  by  u s i n g  (5)  and com- 
p a r i n g  the coefficients of equal powers of t one obtains a system of algebraic equations which 

can be used to determine all Yn" These calculations are omitted here, since a more convenient 
way of finding a(t) is given below. 

It can be seen from (6) that if the series (i0) and (12) have at least one finite radius 
of convergence, then the series (II) has also a finite radius of convergence. Therefore, 
there is a countless number of cases in which the convergent series (i0) and (i!) possess an 
associated series (12) also with a finite radius of convergence. However, we do not know 
whether this is valid for all convergent series (i0) and (II). 

Remark. The more general case can be considered in a similar way in which To and qo 
are given as sums of several series with different ~. The solution is again sought in the 
form (12), the algebraic systems which determine the contribution to Yn of each series being 
independent of each other. 

For the problem (i) the relation between To and qo can be written down with the aid of 
formulas in [2] as 
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qo(t) [ d ~ : l k  ' d -1/2 ( ~  k " 3 k " ) d  -3/2 

k (t~)- = dt '',~ 4 " T " dr-';" 4- " - k -  - -  3--2 k ~ dt --3:- 

5 k" , 15 k'k" 15 k" "~ d -~/q 
+ - - 6 4  k v 64 k '~ 128 k ~ ) dt -~12 + 

, { 7 k Iv 63 k'k III 7 k"" , 

-~ ~ 128 k 256 k ~ 32 k ~ r 

2 1 k " k "  425 k " )  d -7/e ] 
+ 32- " k - - - Y - -  -- 204---8 k 4 dt -7/~ -" "'" T~ (13) 

In the above the substitution 

k(t) = [a(t)] -'/2, (14) 

was used; its merit becomes apparent in deriving (13). The prime denotes differentiation 
with respect to time. 

With To and qo being given by the series (I0) and (ii), k(t) is sought also in the ser- 
ies form 

k z~:. ( 15 ) 
n=O 

Substituting (i0), (ii), and (15) into (13), using (5), and by comparing the coeffi- 
cients of equal powers of t, one finds for ~n in the case of ~ = 0 the expressions 

~-'/2• --  ao'~0' ~-'/2• 4~o-~='~0 - 2ao'~I' 

,~-1/2• (z~[~0--3~ 0 [3.,--26% al[~0-v-16CZo2~1~1-- ~-  

:~_,/2z3 = 192 352 528 C~02(~1 - 
1--~ cr176176 ~ -  ~3ala2~~ ~ 15 

148 
- -  I 0 4 = ~ = ~ ~  3 

- -  - -  % 3 ~ z ~ 1 3 ~ +  . 6 2  , , - 2 , . ,  , - , a ~  , 
~0 ~11"0 t"l-T" 

2 2 8  ~zo2(zl[3. - 6~Zo1[~_i[~1[~2__ cz~_l~_2~ ~ - -  4~_1~  8 +--g- (16) 

* 4 O O . . . . .  6 . . . . . . . .  

The solution is given by the formulas (14)-(16). 

Example. To = i + 0.2t; --(~t) ~/2 qo = i + 0.2t, k = l-0.40t + 0.46t 2 + 1.06t 3 + .... 

a = i + 0.80t-0.44t2-2.95t~--... 

It follows from (15) and (16) that if ~o or Bo vanish, then there is no solution. There- 
fore, for small so or 13o the solution is not satisfactory. In the remaining cases the solu- 
tion (14)-(16) depends continuously on To and qo for sufficiently small values of t. 

The advantage of the proposed method compared to the numerical method of [5] lies in the 
ease of computations for sufficiently small t; its disadvantage lies in that it cannot be 
used if the experimental data are poorly described by a polynomial and also for large t ex- 

cept for the cases (8) and (9). 

1064 



NOTATION 

~, coefficient of thermal diffusivity; x, coordinate; t, time; T, temperature; To, 
temperature at the boundary; qo, temperature gradient near the boundary;z, integration var- 
iable; ~, B, y, ~, constants of series; k, T, auxiliary variables; ~, v, power and differen- 
tiation indices; n, summation index. 
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